DEFORMING CURVES IN JACOBIANS TO NON-JACOBIANS II: 

CURVES IN C(^), 3 < e < ^ - 3 



E. IZADI 

Introduction 

This is a second paper where we introduce deformation theory methods which can be apphed 
to finding curves in famihes of principally polarized abelian varieties (ppav) containing jacobians. 
One of our motivations for finding interesting and computationally tractable curves in ppav is to 
solve the Hodge conjecture for the primitive cohomology of the theta divisor which we explain 
below. For other motivations we refer to the prequel |5j to this paper. 

Let {A, G) be a ppav over C of dimension g > 4 such that O is smooth. Since any abelian 
variety (over C) is isogenous to such an abelian variety, the Hodge conjectures for arbitrary 
abelian varieties are equivalent to the Hodge conjectures for principally polarized abelian varieties 
with smooth theta divisors. 

The primitive part K{Q, Q) of the cohomology of B can be defined as the kernel of the map 
H^^^{Q,Q) — y i/^+^(y4,Q) obtained by Poincare Duality from push-forward on homology. The 
space ^(6, Q) defines a Hodge substructure of the cohomology of of level g — 3 (see page 562 
of [Hj; the proof there works also for g > A). The generalized Hodge conjecture then predicts that 
there is a family of curves in B such that K{Q, Q) is contained in the image of its Abel-Jacobi 
map. The Abel-Jacobi map for a family of curves can be defined as follows. 

Let C ^ S* be a family of curves with S smooth, complete and irreducible of dimension d such 
that there is a diagram 

c e 

p i 

s 
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The Abel-Jacobi map for this family of curves is by definition AJ := q^p* : if2d-(g-3)(^^^ ^ 
H^^^{Q, Q). The image of the Abel-Jacobi map defines a Hodge substructure of level < g — 3 of 
the CO homology of O. 

For abelian fourfolds one interesting family of curves is the family of Prym-embedded curves 
in 9 and it is proved in [Sj that it does give a solution to the Hodge conjecture for K{Q,Q). In 
dimension > 6 there are no known families of interesting curves in the theta divisor of a general 
ppav. 

Let us briefly explain our methods, similar to 0. After identifying JC = Pic^C with A := 
Pic^^^C by tensoring with a fixed invertible sheaf of degree g — 1, Riemann's theta divisor is 

Q:={Ce P'lc^-^C : h\C) > 0}. 

Consider a subvariety X of A contained in "many" translates Qa of 0. As in [5], for each such 
translate G^, we have a map 

Ua:H\TA)^H\lz^_,ie,)\x), 

obtained from Green's exact sequence (|3], see Section El below) which factors through the first 
order obstruction map 

u : H\Ta) H\Nx/jc) 
where Nx/a is the normal sheaf to X in A{see Section 12)). Hence, if i^aiv) is not zero for some a, 

so is 1^(7]). 

The main difference between the method used here and that of [S] is in Section El below which 
is more difficult for e > 2 and is where we need some assumptions of genericity on X. 

We apply the above to families of curves in jacobians which are natural generalizations of Prym- 
embedded curves in tetragonal jacobians. More precisely, let C be a non-hyperelliptic curve of 
genus g with a g^ (a pencil of degree d). Define 

Xe{gl) := {De : 3D G C^'^~^'> such that + D e g}} C C^^^ 

where 2 < e < d and C^^-* is the e-th symmetric power of C (see Section ^ below for the precise 
definition). We map X := Xe{g^) and C^^^ to C^^^^^ and then to A by adding a fixed divisor 
q := Xli'=i ^i- If d > e + 1, the map is non-constant on X. We call We + q the image of C*^^-* in 
A via this map. Given a one-parameter infinitesimal deformation of the jacobian of C normal to 
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the jacobian locus Jg we ask when the curve X deforms with it. Let ^3-1 C C^^^^^ be the locus 
where the map 

p , c^9~i) — > QcA 
D ^ Oc{D) 

fails to be an isomorphism and let Zq C C^^-* be the locus defined by the exactness of the sequence 
We prove the following 

Theorem 0.1. Assume 3 < e < (7 — 3, for all e' < e the curve Xe'((?^) is irreducible and reduced 
and the set of q for which X fl Zg_i ^ X {~\Zq has dimension at most g — e — 3. If Xe{g^) deforms 
out of Jg then 

• either h^{gd) = e and d = 2e 

• or h^{gl) = e + 1 and d = 2e + 1. 

By Appendix 18.21 below, for (C, L) in a non-empty open subset of the (irreducible) Hurwitz 
scheme of smooth curves with maps of degree d to (with simple ramification) the hypotheses 
of the theorem are satisfied. In case e = 2, we proved this result in [5] without the assumptions 
of genericity. We expect that for e > 2 the result will still hold for reducible curves but non- 
reduced curves might deform in directions which are contained in the intersection of the spans, in 
S'^H^{Oa) C H^{Oa)^'^ — H^{Ta) of the divisors parametrized by the curve X (this intersection 
is empty for reduced curves but could be non-empty for non-reduced curves). 

In the case e = 2, d = 4, the curve X is a Prym-embedded curve (see Recillas jUI), hence 
deforms out of Jg into the locus of Prym varieties. 

As explained in Section Theorem 10.11 shows that when 3 < e < g — 3 the most interesting 
cases in which X will possibly deform out of Jg are those in which C is bielliptic, e any integer 
between 3 and (7 — 3 or C is any curve of genus g between 6 and 10, e = 3 and L C g^. In both 
these cases, it is likely that the curve X will deform out of Jg. Although jacobians of bielliptic 
curves form a subvariety of dimension 2g — 2 of Jg, the curves obtained from bielliptic curves 
will likely deform to large families of ppav: such a situation is analogous to the case of tetragonal 
jacobians of dimension > 7 where the curve X2{gl) deforms to a general Prym but does NOT 
deform to a general jacobian. 
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So we have some families of curves (including any X with e = g — 2) which could possibly 
deform to non-jacobians. We need a different approach to prove that higher order obstructions to 
deformations vanish: this will be presented in detail in the forth-coming paper [0] and the idea 
behind it is the following. For each 0^ containing X, one has the map of cohomology groups of 
normal sheaves 

a/Jc\x 

whose kernel contains all the obstructions to the deformations of X since we will only consider 
algebraizable deformations of JC for which the obstructions to deforming Gq vanish. If one can 
prove that the intersection of these kernels is the image of the first order algebraizable deformations 
of JC, i.e., the image of S^H^{Oc) C H^{Tjc), it will follow that the only obstructions to 
deforming X with JC are the first order obstructions. 

Finally, we would like to mention that from curves one can obtain higher- dimensional subvari- 
eties of an abelian variety. For a discussion of this we refer the reader to [Zj. 

Plan of the paper: In Section ^ we define the curves Xe{L) via their ideals for which we 
write down a concrete workable resolution. We compute their genus, define their maps to A and 
prove a useful lemma about divisors parametrized by Xe+i(L) and Xe+2iL)- In Section |21 we 
define the first order obstruction map z/g : S'^H^{Oc) H^{N\y^/a\x) which we use to prove 
Theorem 10.11 In Section IHl we compute the translates Ga of G containing X and show how we can 
"replace" Ue by the collection of maps S'^H^{Oc) H^{Xzg-inX-a{^))- Our method will consist in 
finding when these maps can have non-trivial kernels. In Section |3] we decompose these maps into 
compositions of S-^H^Oc) i/°(Oz,_,nx_.(G)) and ff°(Oz,.inx.„(G)) ^ i7i(Jz,_,nx_„(G)) 
which we then analyze separately in Sections |31 and IHl respectively. In Section El we prove that 
for any r] G S'^H^{Oc) \ H^(Tc), there exists a translate G^ of G containing X such that r] is 
not in the kernel of S'^H^{Oc) -?^°(C'zg_inx_a(G)). In Section IHl we prove that for "almost all" 
Ga containing X, the coboundary map H^{Ozg_inx^ai^)) ~^ -f^^(^z<,_inx_„(G)) is injective unless 
d = 2e and h^{L) = e or d = 2e + 1 and h^{L) = e + 1 which proves Theorem 10.11 In Section [7| we 
describe the consequences of Theorem 10.11 Finally, we gather some useful technical results in the 
Appendix. 



Notation and Conventions 
We will denote linear equivalence of divisors by ~. 
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For any divisor or coherent sheaf D on a scheme X, denote by h^{D) the dimension of the 
cohomology group H^{D) = H\X, D). For any subscheme Y of X, we will denote by Ty/x the ideal 
sheaf of y in X and by Ny/x the normal sheaf of Y in X. When there is no ambiguity we drop the 
subscript x from Xy/x or Ny/x- The tangent sheaf of X will be denoted by Tx := T-Com{Q\-, Ox) 
and the dualizing sheaf of X by ux- By the genericity of any property on X we mean genericity 
on every irreducible component. 

We let C be a smooth nonhyperelliptic curve of genus g over the field C of complex numbers. For 
any positive integer n, denote by C-"-* the n-th symmetric power of C. Note that C*^"^ parametrizes 
the effective divisors of degree n on C. 

We denote by K an arbitrary canonical divisor on C. Since C is not hyperelliptic, its canonical 
map C — > \K\* is an embedding and throughout this paper we identify C with its canonical image. 
For a divisor D on C, we denote by (D) its span in \K\* = FH^iuc)* = FH^{Oc). 

Since we will mostly work with the Picard group Pic^'^C of invertible sheaves of degree g — 1 
on C, we put A := Pic^^^C. Let denote the natural theta divisor of A, i.e., 

Q:={CeA: h^{C) > 0} . 

The multiphcity of 6 at £ G 6 is h°{C) Chapter VI p. 226). So the singular locus of 6 is 

Sing{e) ■.= {CeA: h\C) > 2} . 

There is a map 

Sing2{Q) MC)\ 

C ^ Q{C):=UDe\c\{D) 

where Sing2{Q) is the locus of points of order 2 on and |/2(C)| is the linear system of quadrics 
containing the canonical curve C. This map is equal to the map sending C to the (quadric) tangent 
cone to at £ and its image Q generates |/2(C')| (see jl] and [Ej). Any Q{C) G Q has rank < 4. 
The singular locus of Q{C) cuts C in the sum of the base divisors of \C\ and \ljc ® -^^^^l- The 
rulings of Q cut the divisors of the moving parts of \C\ and \u!c ® on C (see [T]). 

For any divisor or invertible sheaf a of degree and any subscheme Y of A, we let Y^ ot Y + a 
denote the translate of Y by a. By a g^ we mean a (not necessarily complete) linear system of 
degree d and dimension r. We call the subvariety of Pid^C parametrizing invertible sheaves 
£ with h^{C) > r. 
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For any effective divisor E of degree e on C and any positive integer n > e, let C^"*^^ C C-"-* 
be the image of C*-""*^^ in C*^"-* by the morphism D D -\- E. For any divisor E = X]i=i '^i^* 
C, let C'^'" denote the divisor Yl'i=i''^i^u^^^ C^^K For a linear system L on C, we denote by 
Cf any divisor C^" C C^") with E e L. 

By infinitesimal deformation we always mean flat first order infinitesimal deformation. 

1. The curve X ■= Xe{g\) and its useful properties 

Suppose 2 < e < (? — 1 and let L be a pencil of degree d> e + 2 owC. We would like to define 
a curve X whose underlying set will be 

{De : 3D G C^'^-^^ such that D^ + DeL}. 

If L contains reduced divisors, then X is reduced and can be defined by the above set. If L 
does not contain reduced divisors then we need to define a scheme structure on X. Although we 
suppose X integral in this paper, we will define it in general since the definition is simple in the 
general case. Furthermore, we define the curve by its ideal sheaf whose description we will use 
later on. We do this in such a way that our nonreduced curves will be fiat limits of the reduced 
ones. Note that the restriction d > e + 2 avoids trivial cases where either the maps X A are 
constant or the cohomology class of the image X of X is equal to the minimal class in which case 
we know that X does not deform out of the jacobian locus jllj. 

Let W{L) C H^{L) be the vector subspace whose projectivization is L C \L\. The underlying 
set of X is the subset of C^^'^ where the elements of W{L) are dependent. A scheme structure can 
be defined on this set in the following way. Let C C*^^-' x C be the universal divisor and let 
and Pe be the first and second projections from C'-^-* x C onto C*-*^^ and C respectively. Then the 
global evaluation of sections of Oc{L) on divisors of degree e is the map 

(1.1) H\L) ® Oci.) VI := q,MOc{L)\D^) 

obtained by push-forward via qe from the evaluation map 

So X is the locus where the evaluation map W{L) ® 0(j(e) VI has rank < 1. Therefore, since 
X is of (the expected) pure dimension 1, by Eagon and Northcott |3j Theorem 2 page 201, there 
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is an exact sequence 
(1.2) 

^ A^Vl* ® S^-^W{L) ^ ...^ AV/* S^W{L) AV/* ® H/(L) ^ A Vf * ^ J^/c{e) ^ 0. 

Since our construction can be done globally in families, we see that our non-reduced curves X 
are indeed fiat limits of reduced curves X. 

The natural morphism C — obtained from L gives a morphism X — > and, using the 
Hurwitz formula, one sees immediately that X has arithmetic genus 

This works at least when X is smooth. When X is not smooth, we obtain the arithmetic genus 
by specialization from the smooth case. 

1.1. Having defined X in C^^\ we define the curve X that we are really interested in as its image 
in A up to translation. For this we first choose g — e — 1 general points pi, ■ ■ ■ ,Pg-e-i in C and 
map C^^^ to C^^~^^ and A by the respective morphisms 

0p:C(^) — > C(»-^ ^p-.C^"^ — > A 

The first map is an embedding and the second map is a rational resolution of its image which 
is a determinantal variety. The fibers of jpp are the complete linear systems in C^^\ Therefore, 
in particular, if we let Wg be the image of C(^) in A, then ipp^{Oc(e)) = Ow,- We define X to 
be the curve whose ideal is ipp^i^x/d^))- K immediately follows that if X is integral, then so is 
X. Furthermore, it is the fiat limit of general curves X in jacobians of general curves with g^. 
Replacing X by Xd_e(L) if necessary, we will assume that d > 2e. We have the following. 

Lemma 1.1. Suppose e < g — 2 and L contains reduced divisors. Then 

(1) there are divisors D e Xg^i{L) such that h^{D) = 1, 

(2) assume e < g — 3 and 

(a) either d>2e + 2, 

(b) ord^2e + l, h^{L) < e, 

(c) ord= 2e, h^{L) < e - 1; 

then there are divisors D e Xf,^2{L) such that h^{D) = 1. 
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Proof, li d > 2g — 2, then a general divisor of L is reduced and spans at least a hyperplane in the 
canonical space of C. So we can choose a subdivisor of degree e + 1 (resp. e + 2 if e < (7 — 3) of it 
which spans a linear subspace of dimension e (resp. e + 1) of \K\* and hence satisfies the lemma. 
If d < 2g — 3, then, by Clifford's Theorem, since C is not hyperelliptic, we have 2{h^{L) — 1) < d, 
hence h^{L) <g — ^<g — e. So h^{L) < g — e — 1 and a general divisor of L is reduced and spans 
a linear subspace of \K\* of dimension at least e. Therefore it has a subdivisor of degree e + 1 
which spans a linear space of dimension e and hence satisfies the first part of the lemma. For the 
second part, the assumptions in conjunction with Clifford's Theorem imply that h^{L) < g — e — 2 
and an anlogous reasoning proves the second part. □ 

2. The first order obstruction map 

2.1. From now on in the rest of the paper we shall always assume that X (hence X) is integral, 
i.e., reduced and irreducible. It is immediate that the irreducibility of X implies that L has no 
base points. Note that the converse to this is not true as is easily seen by assuming that C maps 
nontrivially to a curve of positive genus and taking L to be the inverse image of a pencil on the 
curve of lower positive genus. 

Recall that we also assume d > 2e, and, by Lemma fl. 11 a general & X satisfies h^{De) = 1 
so that the map X ^ X is birational. 

2.2. Since X is reduced, the obstructions to deformations of X with A live in Ext^{lY/A/^j^/A^ ^x) 
(see P Lemma 2.13 page 33 and Proposition 2.14 page 34). We have the usual map 

(2-1) -^x/a/^X/a ^ ^aIx 

from which we obtain the map of exterior groups 

(2.2) H\Ta\jc) — > Ext\X-j,/JiL^^, O^). 

Composing this with restriction 

we obtain the first order obstruction map 

Given an infinitesimal deformation rj G H^{Ta), the curve X deforms with A in the direction of r] 
if and only if 1/(77) = 0- 
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2.3. The local to global spectral sequence for the exterior sheaves of T-j^jj^/X^^^ provides the 
exact sequence 

The composition 

H\Ta) Ext\Xj^,jX^^^, O^) E\Ext\X^iJX^i^, O^)) 

sends 77 to the obstruction to deform X with it locally. Since A is smooth, every deformation of 
A is locally trivial and locally X deforms with it trivially. Therefore the image of ri by the above 
composition is zero and the obstruction map v factors through H^iX^jj^: 

v:R\Ta)^E\X^Ij,). 

Alternatively, the dual of the map gives us the map of cohomology groups 

whose composition with the inclusion H^{X^ij^ — > Ext^ {X-^ ia/'^ 1 j^i ^ic) is ()2.2|) . 

2.4. From the inclusion X C W^, we obtain the map 

which gives us the map of cohomology groups 

H\Xj^^^) H\Xw./a\j^). 

We call the composition of this with u and the pull-back if^(A^vVeMlx) H^i^We/Alx) obtained 
from the surjective morphism X ^ X: 



We/A\X; 



If I'eiv) 0) then, a fortiori, u^rj) 7^ 0. 
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2.5. The choice of the polarization O provides an isomorphism H^{Ta) = H^{Oc)®'^ via which 
the algebraic (i.e. globally unobstructed) infinitesimal deformations with which B deforms are 
identified with the elements of the subspace S'^H\Oc) C H\Oc)®'^ ^ H\Ta). Via this identifi- 
cation, the space of infinitesimal deformations of {A, 0) as a jacobian is naturally identified with 
H^(Tc) C S'^H^{Oc)- The Serre dual of this last map is multiphcation of sections 

S^H\K) — > H^{2K) 

whose kernel is the space /2(C) of degree 2 forms vanishing on the canonical image of C. To 
say that we consider an infinitesimal deformation of (A, O) out of the jacobian locus, means 
that we consider r] G S^H^{Oc) \ H^{Tc) which is therefore equivalent to say that we consider 

11 G S'^H^{Oc) such that there is Q G hiC) with {Q,ri) ^ 0. Here we denote by 

the pairing obtained from Serre Duality. 

3. Translates of 6 containing We and the obstruction map 
To prove our main theorem we use translates of B which contain We- 

Lemma 3.1. The subvariety We is contained in a translate of B if and only if there exists 
Ylili ^ such that a = J2 Pi hi- 

proof. For any points gi, . . . , Qg-e-i of C, the image of C^^^ in A by the corresponding map 'ipq is 
contained in the divisor Bj^p._j^q-. Conversely, if We is contained in a translate B^ of B, then 
we have h^{De + — a) > 0, for all De G C^^\ Equivalently, for all De G C^^\ we have 
h^{K + a-^pi- De) > 0, i.e., h°{K + a - ^pi) > e + 1 and -a + J^Pi effective. □ 

3.1. Choose a G Pic^C such that We C B^ (i.e., a = J2Pi ~ above). Equivalently 

We — a C B. Let p : C^^~^^ — B be the natural morphism. Then (see j4| (1.20) p. 89) we have 
the exact sequence 

(3.1) Tci,-.) p*Ta — ^ Xz,_,(e) 

where, as in the Introduction, the scheme Zg_i is the locus where the map p fails to be an iso- 
morphism. For the convenience of the reader we mention that the scheme Zg^i is a determinantal 
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scheme of codimension 2. If (7 > 5 or if (7 = 4 and C has two distinct g^^s, the scheme Zg_i is 
reduced and is the scheme-theoretical inverse image of the singular locus of G. 

Combining sequence ()3.1|) with the tangent bundles sequences for C^\^ C and We-aC 

A, we obtain the commutative diagram with exact rows and columns 



1 i 

i i 

Tc(3-^)\(j(e) — >■ Tyll^(e) — > T Z g^i{'S))\ ^{<^) — > 

J, J, J, 

E 9i ' E ii E <3i 

i 



where the leftmost horizontal maps are injective if and only if h^{Yli ^i) ~ ^ ^"^^ map of sheaves 

TA\We-a ^ N]y^_a/A 

fails to be surjective on the locus where ipg fails to be an embedding. In C*^^^ this locus, which we call 
Ze, is locally defined, in the same way as ^g-i, by the maximal minors of the map T^ie) Ta\cM- 
The support of Ze is the subset of C^^-* parametrizing divisors De with h^(De) > 2. The right-hand 
bottom horizontal map is the pull-back to C^^, of the map of normal sheaves 



Nwe-a/A > C'We-a(0) = ^B/aI 



We-a 



whose image is the twist of a sheaf of ideals by Owe-ai^)- As in the introduction, we let Zg be the 
subscheme of C^^^ defined by the pull-back of this sheaf of ideals. Note that because the sheaf of 
ideals contains X„ ^„(e) , the subscheme Z„ is contained in Z„_i fl . Furthermore, because 
— a is an isomorphism outside Ze, we have Zg \ Z^ = Zg^i fl C'^''^. \ Z^. 

3.2. Hypothesis. From now on we will assume that the set of q for which ZgClX^a 7^ Z^-i nX_a 
has dimension at most g — e — 3 and we have chosen q outside of this set, i.e., in such a way that 



Zg n x^a — Zg-i n 
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By Appendix 18.21 this will be the case for all q E C^^~^~'^^ on some open subset of the space of 
pairs (C, L). 

Therefore, restricting the previous diagram to we obtain 

i i 

i i II 

i i 



So we have the commutative diagram 

S'H\Oc)(1H\Ta) H\N^^^,/a\x^J H\Iz,_,{e)\x.J. 

Translation by a induces the identity on H^{Ta) and isomorphisms 

H\Ta\x^J ^ H\Ta\x) 
H\Nw^-a/A\x^J = H\Nw^/a\x) 

so that the kernel of 

u,:S^H\Oc)^H\Nw^/a\x) 
is equal to the kernel of the map 

obtained from Ue by translation. Therefore the previous diagram proves the following theorem. 
Theorem 3.2. The kernel of the map 

ue-. S^H\Oc) ^ H\Nw^/a\x) 
is contained in the kernel of the map obtained from the above 

S'H\Oc) ^ H\lz^_,{e)U_J 
for all a such that 0^ contains We and Zg fl X_a = ^3-1 ^ X-a- 
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A fortiori, the kernel of z/g is contained in the kernel of the composition 

S'H\Oc) H\lz,_Ae)\x^J — i/^(Jz,.,nx.„(e)). 

We shall prove that for any rj G S^H^{Oc) \ H^{Tc), there exists a such that contains We and 
the image of rj in if^(X^g -^nx_„(0)) is nonzero unless 

• either e = h^{L) and d = 2e, 

• or e = 2h^{L) and d = 2e + l. 

4. The kernel of the map S^H\Oc) — > i^^(Xz,-inx_,(0)) 
4.1. The above map is equal to the composition 

(4.1) S'H\Oc) — H\l,^_,{e)) H\l,^_,{e)U_J H\l,^_,nx^^X&))- 
From the usual exact sequence 

Jz,_,(e) — > Oci.^e) — Oz,_A&) o 

we obtain the embedding 

By m p. 95, the image of S'^H^Oc) in H\Iz^^,iQ)) is contained in i7O(Cz,_i(0)). Using the 
commutative diagram with exact rows 

Iz,.m — Oc(.-)(0) ^ OzU^) 

J, J, J, 

Xz,_.nx_„(e) ^ Ox_„(e) Oz,_.nx_„(e) 0, 

Composition ()4.1|) is also equal to the composition 

^iJi(J^^_,nx_.(e)). 

By m p. 95 the first map is the following 

S^H\Oc) ^ H\Oz,_AQ)) 



14 E. IZADI 

where {zj} is a system of coordinates on A and o" is a theta function with divisor of zeros equal 
to 0. So we have the following description 

4.2. We will investigate the kernel of the composition of the first two maps S'^H^{Oc) — * 
H%Oz,_,nx^Se)) and that of the coboundary map H^Oz^^^nx^^Q)) ^ H\lz^_,nx^S<d)) 
separately. The kernel of S'^H^{Oc) -f^°(C'zg_inx_a(0)) is contained in (with equality if and 
only if Zg^i fl X_a is reduced) the annihilator of the quadrics of rank < 4 which are the tangent 
cones to 6 at the points of Zg^i fl 

5. The kernel of the map S^H^{Oc) i/°(Oz,_inx_„(0)) 

5.1. An effective divisor Qi ^ C*^^"^"^-* gives the embedding of X in C**^^~^^ defined by 
De ^ De + J2i=i~'^ The union of the images of these maps is a scheme, denoted X + C^^^^^'^^ C 
C^3~^^ whose intersection with Zg_i is the union of the schemes Zg_i fl X_a as a = J2 Pi ^ J2 9i 
varies. To say that 7] is in the kernel of the composition 

S'H\Oc) — ^ H%Oz,_,m H%Oz,_,nx.S®)) 
for every a, means that rj is in the kernel of the map 

S'H\Oc) — H%Oz,_AQ)) ^°((^z,.,nx+c(.-i-40))- 

Since X is reduced, X + C^^'^'^^^ is also the union of all Cjf "^""^^ with E ^ X. So we see that the 
above is also equivalent to rj being in the kernel of all the maps 

for all points E E X. 

5.2. We compute the kernel of the map 

for 1 < / < (7 — 1 and D a divisor of degree g — 1 — f such that h^{D) = 1. We shall later assume 
D E X. Recall that by Lemma fl.ll for a general -D G X, we have h^{D) = 1. 
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Consider the exact sequence 
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— >■ TQ(g-i)\ (f) — > TaL(/) — > 1zg-i{p)\r^i) 
from which it follows that the kernel of the map 

is the image of H^{TQ(g-i)\^{f)). We have 



{0) 



if and only if Zg_i fl C{^^ has codimension 2 in C^^' . In such a case the kernel of 

is the intersection of the image of H'^{TQ(g-i)\ u)) with S'^H^(Oc)- 

Denote by V{D) the vector subspace of H^iOc) = H'^{'jJc)* whose projectivization is {D). 

Theorem 5.1. The image of H^iTc(,-i)\r,U)) in H\TA\r.(f)) is the span of H\Tc) C S^H\Oc) 
and V{D) ® H^iOc)- The intersection of this span with S'^H^{Oc) is the span of H^{Tc) and 
S^V{D). 



(/) 



Proof. We first determine the image of H^{T(^(g- 
S^H^{Oc)- For this we use the diagram 



in H^(TA\^{f)) and its intersection with 









i 


i 


Tc(f) 




i 


i 


Tc(3-i) L(/) 




i 


i 



c}/vc(9-i) 
i 
0. 



s-i\-/IC' 



The map H\C^f\Tc(f)) H\C^f\TA\r,(f)) is injective, hence so is the map H\C^f\Tc(f)) 

, TQ(g-i) |^(/)). Therefore H^{C^f\TQia-i) |^(/)) — *■ H^{C''^\ ^rMhnia--^)) isomorphism. 



C^^)/C(9-i) 
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Consider now the composition 

where the first map is evaluation. Then, because of the isomorphism H'^{C^-^\TQ(g-i)\ (f)) = 
H'^{C^^\ N^(f) this composition can be identified with evaluation of global sections 

From this we obtain the map 

Write D = Y.lZl~^U- Since C^^^ is the complete intersection of the divisors in C^^ ^\ its 

normal sheaf is isomorphic to ®l=iO(j{j){C[^^^^''). Therefore, using Appendix 6.1 in j5], the above 
map can be identified with 

®iZl-fSf-^H\t;) ® H\Oc) — ®Usf-'H\u) ® H\U) 

which is onto because each of the maps H^{Oc) — ^ H^{(li) is linear projection which is onto. 
Therefore, the composition 

H^{T(j{g-i)\^{j)) ® H^{Oc{f)) — ^ H'^{T(j{g-i)\^(f)) — > H^{N^{f) 

is onto and hence so is 

In conclusion we have the exact sequence 

— > H^(Tc{f)) — > H-^iTcig-ijlfjU)) — > i7^(A^^j/)^^(g„i)) — > 

and the image of H^{T(j(g^i)\ (f)) in H^(TA\^{f)) is the span of the images of H^(Tc) = H^{T(jU)) 
and ®fZl'^Sf~'H%ti) ® H\Oc). 

The image of ®f~^~^ H^iU) in H%Ta) = H\Oc) is V{D). Indeed, as we saw above, 
i/°(T(;(«-i)|^(/)) = i/°(Ar^(/)/^(,_i)) = ®!ll~^S^H'^{U) has dimension g - 1 - f. The tan- 
gent space to C^^^^^ at -D^-i G C^^^^^ can canonically be identified with ODg_i{Dg-i)- For all 
Dy^^ E dj^^ C C(f-i), we have C ODg^^Dg-i). So OoiD) C H^Tci.-Dl^u)) and the two 

spaces are equal since they have the same dimension. The image of O^iD) in H^{Ta) = H^{Oc) 
by the differential of the map p : C^^-i) A is V{D). So the image of H%Tc(,-i) L(/)) in H\Oc) 
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is V{D). Therefore the image of H\Tc(,-i)\^(f)) ® H\Oc) = ®lZl'^ Sf-^H\ti) ® H\Oc) in 
H\TA\Mf)) = H\Ocr^ is V{D) ® H\Oc). □ 

Therefore, if Zg.iHCj/^ has codimension 2 in C\P , then the kernel of S^H\Oc) H%0^ _,ndn) 
is the span of H\Tc) and S^V{D). 

Since we have assumed h^{D) = 1, the codimension of Zg_inCj/^ is at least 1. If the codimension 
of Zg_i n Cj/"* in C'^-^^ is 1, then we have the exact sequence 

/c^ _^ j^^_^(e)|^(,) -^x^^_^^^„)(0) 

where Y is the maximal subscheme of Zg_i fl Cj^ supported on the union of its codimension 
1 components and /Cy is the sheaf on Y defined by the exact sequence. If / = 1, then Y has 
dimension 0, h^^JCy) = 0, H^(Izg_i{Q)\c(f)) = -f^^(^Zg_inc(^)(0)) the kernel of 

is again the intersection of the image of H^{T(j{g-i)\ {j)) with S^H^{Oc)- 
Suppose from now on that 2 < f < g — 1. We have 

( f) 

Lemma 5.2. The codimension of Zg^i f] Cf) is 1 only in the following cases 

(1) The intersection Zg_i fl C)j contains C\ for some t E C . This happens if and only if 
(D) n C contains D + t. 

(2) The restriction to C of the projection from (D) is not birational to its image. Letting C 
he the normalization of this image, the projection from (D) induces k, : C ^ C of degree 
at least 2. Given k, there exist a finite number of linear subspaces Li (i = 1, ... ,1) of \ujc\* 
such that any such (D) contains L^ for some i. Furthermore, Zg_i fl contains the 
divisor C(-/'"2) + x( k) C C*--^^ where 

X{k) := {D2 e ^(2) : 3t G C , h\K*{t) - D^) > 0}. 

( f) 

Proof. The first case is clear. Assume therefore that Zg^i fl Cf) contains an irreducible divisor 
T which is not of the form C\ . It is easily seen that this is equivalent to the fact that for a 
general divisor -D/-2 G C^^^'^\ the projection from {D + -D/_2) is not birational on C. It first 
follows that the projection from (D) is not birational on C. Indeed, if we call Ci the image of C 
by the projection from (D), then, by the general position theorem page 109), the projection 
of Ci from the span of a general effective divisor on it is always birational unless the image of 
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the projection is or a point. So, if the projection of C from {D) is birational, then so is its 
projection from {D + -D/-2) for -D/-2 ^ C^^^"^^ generaL 

The general divisors Df E are of the form -D/-2 + D2 where -D/-2 ^ C*--^^^-* is general and 
D2 < K*(t) for some t E C, i.e., 

T = C^^-^^ +X{k). 

To prove the assertion about the Li, first suppose that the cover k : C C is Galois and 
let {(Ti, . . . , cr^} be a set of generators for its Galois group. Then, since the projection from 
{D) induces k, the linear space (D) is globally invariant under ai, . . . ,an and ai, . . . , cr^ induce 
the identity on \uJc\*/{D). Therefore, if we let V be the vector space whose projectivization 
is \uJc\*/{D), then, for all i, ai has only one eigenvalue, say Aj on V. Hence (D) contains the 
eigenspaces of cTj for all its eigenvalues which are distinct from Aj. For each choice fii, . . . of 
eigenvalues of ai, . . . , (T„, we let . . . , fin) be the smallest linear subspace of \ujc\* which, for 

all i, contains all the eigenspaces of distinct from /Xj. Assuming none of the ai is the identity 
on C, all the L{fii, . . . , are non-empty. So we see that L(Ai, . . . , A„) C {D). It is immediate 
that a linear subspace L contains some . . . , if and only if the projection from L factors 

through K : C ^ C . Therefore, the L(/ii, . . . , /i„) are the minimal subspaces L of \ujc\* such 
that the projection from L factors through k : C — C . This description shows that they only 
depend on n and not the choice of the generating set {ai, . . . , o"„}. We number them to obtain 
the subspaces L, (z = 1, . . . , Z) in the statement. 

Now, if the cover k : C ^ C" is not Galois, it can be dominated by a Galois cover: in other 
words, there exists a Galois cover H : C ^ C which factors through k : C ^ C . The induced 
map on the jacobians JC JC induces a projection \uj(j\* \^c\* which, composed with the 
map \ujc\* — > \ujc\* /{D), induces k. The subspaces Lj are well-defined for k and their images in 
\uJc\* will give us the subspaces Li for n. □ 

Lemma 5.3. Suppose e < g — 3. For D E X general, the intersection Zg_i fl Cj^ ^ '^^ has 
codimension 2 in C^^^^^K 

Proof. We have to prove that neither of the two cases in Lemma f5.2l occur. 

If, for D general in X, (D) contains one of the linear spaces Li from Lemma f5. 21 then, since X 
is irreducible, for all D E X, (D) D Li. Choose now -De+i general in Xe+i{L). Then, by Lemma 
II. H h^{De+i) = 1 so that r\D<De+i{D) = and it cannot contain any Lj. 
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Suppose now that, for D general in X, {D) r\C ^ D + t£, ioi some Id G C . Then if we choose 
D e+i as above and D < D^+i again, we see that D + 1^ C (De+i). If the are distinct for the 
distinct subdivisors of -De+i) then we obtain a contradiction by Chfford's Theorem and the fact 
that C is not hyperelhptic. Since any two subdivisors of degree e of -De+i have e — 1 points in 
common, we see then that there is a divisor -Dg-i ^ Xf.-i{L) such that (-De-i) H C D -Dg-i + i for 
some t & C. Since Xe-i{L) is also irreducible and our choices of divisors were general, this is the 
case for all -De-i ^ Xe-i{L). Repeating the argument with e — 1 instead of e and continuing, we 
arrive at a contradiction. □ 

5.3. Therefore, by what we saw above, for D & X general, the kernel of S'^H^(Oc) — > H^iO „ r^nU)) 
is the span of H\Tc) and S'^V{D). We have 

Lemma 5.4. Assume e < g — 3 and 

(1) either d >2e + 2, 

(2) ord = 2e+l, h°{L) < e, 

(3) ord = 2e, h%L) <e-l. 

Then there is a reduced D G Xe+i(L) such that h^{D) = 1 and (D) nC = D. 

Proof. By Lemma there is G Xe+2iL) such that h^{E) = 1 and E is reduced. We claim 
that there is D < E with (D) (1 C = D. Suppose not so that the span of every subdivisor of 
degree e + 1 of E contains an extra point of C. If two of these points are equal, then we have a 
subdivisor of degree e of E whose span contains an extra point of C and this is not possible for 
all such E by the previous two Lemmas. So the span of E contains e + 2 distinct extra points 
which is the number of subdivisors of degree e + 1 of E. Therefore we have a divisor E' of degree 
e + 2 such that {E + E') has dimension e + 1. Hence + E') = 1 + e + 2 = e + 3. By Clifford's 
Theorem, since C is not hyperelhptic, this is possible only if E + E' is a. canonical divisor on C. 
In particular, e = g — ?>. 

Put E = ti + . . . tg-i and E' = Si + . . . + the points being numbered in such a way that for 
all j, Sj + Ylii^j — (^i^j ^i) ^ ^"(■^j + X^j^j ^i) — 2- Since E + E' is a canonical divisor, 

we also have h'^(tj + X^i^^j ^i) — 2 for all j, i.e., tj + — ^Ylii^j ^i) ^ ^ ■ Choose a basis of 

V{E) = V{E + E') C H'^{Oc) in which the coordinates of tj are (0, ... 0, 1, ... , 0) where 1 is in 
the j-th slot. Let (oji, . . . ,ajg_i) be the coordinates of Sj. Then ajj = for all j. Take j = 1. 
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Then an = and the condition ti e {YliZ2 ^i) J^^ans there are scalars A2, . . . , Xg-i such that 

= YliZ2 ^i^ik for all /c > 2 
Since + £" is a canonical divisor and hP{E) — 1, we also have hP{E') — 1. Therefore the 
Sj are linearly independant and, a fortiori, the minor \ajk\2<j<g-i is not zero and the condition 

2<A:<3-1 

= Xli=2 ^i'^ik for all A; > 2 implies Aj = for all i. Then the condition 1 = ^11=2 gives a 
contradiction. □ 

Lemma 5.5. Suppose I < e < g — ?> and D := ti + . . . + t^+i is a reduced divisor such that 
h°{D) = 1 and {D)nC = D. Put := D - t^. Then 

e+1 

f]{H\Tc),S'V{E,)) = H\Tc). 

i=l 

Proof. We proceed by induction on e. For e = 1, we have Ei = ^2-1, 

S'V{Ei) c H\Tc), 

and the result is trivially true. Suppose e > 2 and the result holds for e — 1. Let us rewrite 

e+1 e 

f]{H\Tc),S'V{E,)) = fl {{H\Tc),S'V{E,)) n {H\Tc), S'V{E,^,))) . 

i=l i=l 

We will prove that 

{H\Tc),S'V{E,)) n {H\Tc),S'V{E,+,)) = {H\Tc) , S'V {E'^) 

where E'^ :— D — ti—te+i — Ee+i—ti. Then replacing D with E^+i we are reduced to the statement 
for e — 1. 

Dually, we will prove that the annihilators in S'^H^{ujc) of the two spaces are equal. The 
annihilator of H\Tc) is /2(C). That of {H\Tc), S^V{E)) for any divisor E is the space hiC, E) 
of homogeneous degree 2 forms vanishing on C and the hnear span {E) of E in \oJc\* ■ The 
statement we need to prove has now become 

/2(C, D-ti- te+l) = /2(C, D-ti)+ h{C, D - te+l). 

Choose g — 3 — e general points te+2, ■ ■ ■ tg-2 on C. Then 

i=l i=l 
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and the ti are linearly independent and distinct. In particular, the impose independent condi- 
tions on quadrics. 

We claim that the restriction map 

9-2 

i2{c)-^s'v(j2t^r 
1=1 

induces an isomorphism between /2(C) and the homogeneous degree 2 forms on ^i) van- 

ishing at the points ti. These two spaces have the same dimension so it is sufficient to prove that 
the restriction map is injective, i.e., no quadric in |ti;c|* containing the canonical curve C contains 
(l2i=iti)- Since (X]^=i has codimension 2, if a quadric contains it, then the quadric has rank 
< 4. Then (YliZi ^j) is a member of a ruling of the quadric and by T\ cuts a divisor of a g\ on C. 
This, however, is not possible by our assumptions on the ti. 
It ffist follows from this that 



dim/2 (C, D - te+i) = dim/2 (C, D-ti) = dim/2 (C) - 
dim/2 (C, D - te+i -ti) = dim/2 (C) 
So to prove our claim we need to prove that 
dim (/2(C, D - te+i) n hiC, D - ti)) = 2 



(e-r 



This is easily seen to be true from our assumptions on the t^. □ 
5.4. So far it follows from our results above that the intersection of the kernels of the maps 

as E varies in X is H^(Tc). Therefore fsee lS.H) for a given rj ^ H^{Tc), there exists a = ^Pi — ^ Qi 
such that rj is not in the kernel of the map 

s'H\Oc) ^ //°(o. .(e)) //°(o. ,nx_„(e)). 
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6. The kernel of the map H'^iOz.^.nx-^iQ)) ^ i/^(Jz,_inx_„(e)) 
We continue with the analysis of the kernel of the coboundary map 

and see that in fact we can choose our a above also in such a way that this map is injective. 

6.1. Let Z(X) C C^^~^~'^'^ X X be the closure of the subvariety parametrizing pairs {J2qi,De) 
such that h^iJ^Qi) = h^{De) = 1 and h^iJ^Qi + De) > 2. Let Z{X) C C'^a-i-e) ^^e image of 
Z{X) by the first projection. 

Lemma 6.1. The varieties Z{X) and Z{X) are not empty. 

Proof. Choose a general & X so that we have h^{Df.) = 1 (see Lemma ll.ll or 13^ . If, for 
all e C^9^^-^) with h^i^qi + De) > 2, we have > 2, then, for some r > 1, the 

dimension of PVJ_i_g is at least g — 1 — e — r — 2 = g — e — r — 3. By 12 pp. 348-350, this can 
only be the case if r = 1 and either C is trigonal, bielliptic or a smooth plane quintic. 

In the trigonal case Wg_i_e = gl+C^^~'^~^\ For a point t of De, the divisor J^Qi = gl~'t+Dg~3-e 
with Z^g-s-e G C(f-i-3) general satisfies = 1 and h^{^qi + De) > 2. 

In the bielliptic case, if tt : C — is the bielliptic cover, then = 7i*W^{E) + C^9-^'^). 

For two distinct points s and t of De, the divisor is + d + Dg^^^e with Dg^^^e ^ C^^^^^^-* general 
and 6 the bielliptic involution satisfies hP{^ qi) = 1 and + -^e) ^ 2. 

In the case of the smooth plane quintic, we have g— 1 — e = 4 = g — 2. Soe = l which is 
excluded. □ 

Lemma 6.2. Suppose that for 'Y^qiE Z{X) with h^i^qi) = 1 the coboundary map 

H\Oz,_,nxm) H\Xz,_,nxm) 

is not injective, then 

H\K-J2(l^-L)y^0. 

Proof. Using the exact sequence 

H\lz^_,nxiea)) H\Ox{Qa)) ^ H\Oz,^,nx{Qa)) 



H\Jz,_,nxiea)), 
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we need to understand the sections of Ox (©a) which vanish on Zg_i fl X. For this, we use the 
embedding of X in C^^^: 

By Appendix 6.1 in |3] this gives the exact sequence of cohomology 

4 = 1 

By Appendix 6.2 in [5| the elements of H'^{C^^\Qa) = A^H'^{C,K - ^^=1'"^ 9i) all vanish on 
Zg^i n C^^\ hence they also vanish on Zg_i fl X. So if the coboundary map is not injective, 
then there must be elements of H^{X, Ba) which are not restrictions of elements of H^{C^^\ Ga). 
In particular, we must have H^iXx/cMi'^aj) 7^ 0. By sequence ()1.2p . this implies that there is 
an integer j G {l,...,e} such that W-\A^Vl*{Qa)) ^ 0. Equivalently, H^-^+\uJc(e){-Qa) ® 
A^Vl) 7^ 0. By Appendix 18.11 since Appendix) 

n:Oci.^{ea)=plOc{K-q)0...0p:Oc{K~q){- J] A^,,), 

l<fc</<e 

this implies that 

l<k<l<j 

As in the Appendix of ^ the above cohomology group is equal to the group of elements of 

H^~^+\plOc{L + g) ® . . .®p]Oc{L + q)®p*+,Oc{q) ® . ■ -PlOciq)) 

anti-invariant under the action of (5^ and invariant under the action of &e-j- Therefore its non- 
vanishing implies the non-vanishing of H^[L + q) = H^{L + X] 9'*) ~ H^{K — ^qi — L)*. □ 

6.2. By Lemma 16.11 the variety Z{X) is not empty. Therefore Z(X) has dimension at least 
g — e — 2. By Lemma f6. 31 below this implies that Z{X) also has dimension > g ~ e — 2. Therefore 
the hypothesis and hence the conclusion of Lemma 16.21 hold for a {g — e — 2)-dimensional family 
of Yli=i^^ qi- This implies h^{K — L) > g — e — 1. Therefore, by Clifford's Lemma, since C is not 
hyperelliptic, we have 2(51 - e - 1 - 1) < 2^1 - 2 - or < 2e + 1. If ci = 2e + 1, then = e + 1 

and C has Clifford index 1 if e < (? — 3. 

Lemma 6.3. The projection Z{X) Z{X) is generically finite. 
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Proof. If not, then some component of Z{X) maps with one-dimensional fibers into Z{X). Since 
X is integral, these one- dimensional fibers are all isomorphic to X. Hence there is a ((? — e — 3)- 
dimensional family of divisors q = Yl^i such that h^{q) = 1 and, for every G X, h^{q + De) > 2. 
Let e' be the largest integer such that for a general such q and a general Dg/ G Xe'{L), we have 
h^{q + Df,/) = 1. It is immediate that 1 < e' < e — 1. For a fixed general such Df,', let D be the 
divisor of L containing D^' and let t be a point of — De'. Then h^{q + D^' + t) =2. Equivalently 
h^{K — q — De' —t) = h^{K — q — Df.'), i.e., t is a base point of the linear system \K — q — D^'l- Since 
Dg/ is general, so is D, hence D is reduced and, furthermore, it has no points in common with q. 
It follows that all of D — De' is contained in the base locus of \K — q — De'\. By Riemann-Roch 
and Serre duality we see that this implies h^{q + D) = 1 + d — e' . So C has a family of dimension 
g — e — 3 of linear systems of degree g — l — e + d and dimension d — e'. Since C is not hyperelliptic, 
it follows from pp. 348-350 that g-e-3 < g-l-e + d-2{d-e')-l, i.e., d <2e' + l <2e-l 
which contradicts the hypothesis d >2e. □ 

7. The consequences of Theorem lU.ll 

If C has a g2e^ (resp. g2e+i)i then C has Clifford index 2 (resp. 1). By a result of Martens ( [Til] 
Satz 4 page 80), if C is non-bielliptic, has Clifford index 2 (resp. 1) and genus at least 10 (resp. 
8), then C has no g2~^ for 4 < e < (7 — 5 (resp. no g^e+i for 3 < e < — 5). The cases of low 
genus are easily analyzed [HI and we see that the cases in which X might deform with JC out of 
the jacobian locus are 

(1) C any curve, e = g — 2, 

(2) C with a gl and hence also a g2g-Q = \Kc — (74I, e = 2 or — 3, 

(3) C with a (7g, e = 3 or (7 — 4, 

(4) C with a (yfg, e = (? — 4 or (yf — 3, 

(5) C with a 5(5, e = 2 or 5( - 4, 

(6) C bielliptic, 2 < e < ^ - 2. 

8. Appendix 

8.1. The cohomology of Ix/ci-^) ®N . Here we introduce a method for computing the cohomology 
of Xxic(e-) ® N where is a locally free sheaf on C'^^\ One way to approach this calculation is 
to compute the cohomologies of the pieces h!>Vl* ® S^~'^W{L) ® N oi the resolution (jl.2p of 
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^x/c('=) ® ^- C)r equivalently, the cohomologies of the sheaves ujQie) ® ^* ® A-'V/. Recall that 

where C C*^^-* x C is the universal divisor and qe,Pe are the first and second projections of 
C^'^'^ X C onto its two factors. On this model, for 1 < j < e, let 

be the universal subvariety, i.e., 

and let q^j and be the first and second projections of C*-'^-' x C^^^ onto its two factors. Then a 
moment of reflexion will convince the reader that 

where, as in 0, £^ ^ is the sheaf on C^^^ whose inverse image on is plOc{L)0. . . p*Oc{L) {^— J2i<k<i<j 
So 

is a graded piece of the filtration of 

induced by the Leray Spectral sequence of the fibration q^.^ : C^^^ x C^^^ C^^\ The morphism 

C — ^ 

(Si,...,Se) I > {Si + ...+ Se,Si + ... + Sj) 

shows that V^'^ is the quotient of by the action of &j x &e-j which permutes the first j points 
and the last e — j points. Therefore 

H\q:, {uJci.) ® iV*) ® p;,.AJye.) = H^-nl^ {q^^ {uci.) ® iV*) ® p;/'^J^.„))e.xee-. 
= H\plOc{K + L)®.. .®p]Oc{K + L) 0p*^^Oc{K) ® . . .^plOdK) nlN* 

l<k<l<j l<k<l<e 
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8.2. The purpose of this section is to show that when e < (7 — 3, for a sufficiently general pair 
(C, L) the curve X obtained satisfies the condition 

X n Zg.i = xr\Zg 

for all J^Qi ^ (7(9-i~e). Since the schemes Zg_i fl {W^ — a) and Zq are equal outside Z^,, this will 
follow if we show that X fl = 0. 

So we shall prove that for (C, L) sufficiently general, there is no subdivisor D of degree e of a 
divisor of L such that h^{D) > 2. li d < g + 1, then for a sufficietly general (C, L), h^{L) = 2 and 
since we can suppose L base-point-free, the assertion is true. 

Suppose therefore that d > g + 2. In such a case, supposing (C, L) general also means that C 
is general, since a general curve has g^s. If e < then by Brill-Noether theory a general curve 
does not have any gl and the assertion is true. 

So we suppose e > (which then implies d > g + 2). In this case we prove that in a general 
linear system G of degree d > g + 2 on the general curve C, the family Mq of divisors of the form 
De + Dd-e with h^{De) > 2 has codimension at least 2. Then a general pencil L in G will not 
intersect Mq- It suffices to show that the union M := Urfeg(G)=d^G has dimension at most d — 2 
since Udeg{G)=dG = C^'^^ has dimension d. We can rewrite M = G[^^ + G^'^~'^^ := U^^^,(e)G^]^~'^\ 
Since C is general, by Brill=Noether theory 

dimW^ = g - 2{g - e + 1) = 2e - g - 2. 

Hence dimCj^'' = 2e — g — l and dimM = 2e — g — l + d — e = d + e — g — 1. We have e — g — 1 < —2 
which concludes our proof. 
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